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The aim of the course is to consider generalizations of the prime geodesic theorem PGT (prime number
theorem PNT) for various locally symmetric spaces. In general, we discuss: compact locally symmetric
spaces of real rank 1, and, particularly: compact symmetric spaces attached to Lie group SL4, compact
Riemann surfaces, and non-compact real hyperbolic manifolds with cusps. We are dealing with a
Aims and summary (?f prevoius reearch.from the part of analytic number t'heory that deals with PNT and its
intended generahzatlo.ns to spaces of higher dimensions and spaces of various compactness. In 'the literature,
[ — such gegerghzatlons are known as PGT or length spectrum theor'ems (of the corresponding operator).
outcomes Ge‘nerahzatl(')ns of such generahzatlo.ns by hlgh.er order counting functions are further known as
weighted: prime number theorems, prime geodesic theorems, length spectrum. In the course we deal
with such theorems. The preliminary material of each section is accompanied by auxiliary results
necessary for that section. As usual, we omit proofs of auxiliary results. Alternative aspects of
improving estimates in PGT variants, viewed through the prism of Gallagherisation, are presented at
the end of the course.

Coutse content/topics

Compact locally symmetric spaces of real rank 1. Cases: real, complex, quaternionic, octonionic.

Casimir and Dirac operators. Principle of proportionality. Harmonic analysis on compact spaces. Admissible
lifts. Trace formula elements. Theta functions. Zeta functions and the geodesic flow. Meromorphic continuation
and singularities. Functional equations. Determinants and zeta functions. Duality principle. Differential forms.
Order of Selberg’s and Ruelle’s zeta functions for compact even-dimensional locally symmetric spaces. PGT for
compact spaces of rank 1. Asymptotic behavior of singularities. Logarithmic derivative of zeta functons.
Consequences of PGT. Gallagherisation.

Compact symmetric spaces of SL4. Euler characteristics. Euler-Poincare functions. Analysis of

Ruelle zeta function. Selberg zeta function. Functional equation. Contribution of unit representation. PGT for
SL4. Analytic properties of Ruelle zeta function. Counting functions. Approximate formulas. Refinement of the
remainder. Length spectrum. The case of higher order counting function.

Compact Riemann surfaces. Notation and normalization. Summing by the typical means. PGT and

weighted PGT for compact Riemann sutfaces.

Non-compact real hyperbolic manifolds with cusps. Notation. Principal series representations and
Hodge-Laplace operator. Scattering operator. Zeta functions of Selberg and Ruelle. PGT and weighted PGT for
hyperbolic manifolds with cusps.

Classification of some simple Lie algebras. Some groups of matrices and their Lie algebras. Octonions.
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