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The course aims to develop a theoretical understanding of complex dynamics in discrete and continuous dynamical
systems, emphasizing sensitivity to initial conditions, topological chaos, symbolic dynamics, fractal structures, strange
attractors, and mechanisms leading to chaotic behavior.

The course covers methods for analyzing chaotic maps and flows, including one-dimensional maps, the logistic map, shift
dynamics, Sharkovsky's theorem, Li—Yorke and Devaney chaos, topological transitivity, entropy, Lyapunov exponents,
fractal dimensions, and classic examples of chaotic systems. Particular emphasis is placed on the relationship between
local instability, the global structure of phase space, and long-term unpredictable behavior.

Aims and intended
learning outcomes

Course content/topics

* Basic concepts of chaotic dynamics: deterministic systems, long-term behavior of orbits, sensitivity to initial conditions, unpredictability,
topological transitivity, density of periodic orbits, and different definitions of chaos.

* One-dimensional maps and the transition to chaos: interval maps, logistic map, tent map, unimodal maps, period-doubling cascade,
bifurcation diagrams, and Feigenbaum constants.

* Sharkovsky's theorem and Li-Yorke chaos: periodic points of interval maps, Sharkovsky ordering, existence of period three, the Li—
Yorke concept of chaos, scrambled sets, and implications for complex dynamics.

* Symbolic dynamics: shift spaces, itineraries, coding of orbits, subshifts of finite type, conjugacy and semiconjugacy, Markov partitions,
and applications of symbolic dynamics to the analysis of chaos.

* Topological chaos: Devaney chaos, topological transitivity, topological mixing, sensitivity to initial conditions, density of periodic points,
and topological equivalence of chaotic systems.

* Topological entropy and measures of complexity: topological entropy, growth in the number of periodic orbits, entropy of symbolic
systems, and basic relationships among entropy, instability, and dynamical complexity.

* Fractals and fractal dimensions: self-similarity, the Cantor set, Hausdorff, box-counting, and correlation dimensions, fractal geometry of
attractors, and the relationship between fractal structure and dynamics.

* Lyapunov exponents and numerical diagnostics of chaos: exponential separation of orbits, Lyapunov exponents for maps and flows,
numerical computation of exponents, Poincaré sections, and time-series analysis.

* Chaos in multidimensional maps: the Hénon map, Smale horseshoe, homoclinic and heteroclinic structures, stretching and folding of
phase space, and stable and unstable manifolds.

* Chaos in continuous systems: Lorenz, Rossler, and Chua systems, strange attractors, Poincaré maps, homoclinic mechanisms, and the
transition from regular to chaotic behavior.

* Numerical and experimental analysis of chaos: bifurcation diagrams, attractor reconstruction, phase portraits, time series, numerical
artifacts, limitations of simulations, and interpretation of chaotic dynamics.
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