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The course aims to develop the theoretical foundations for analyzing flows generated by ordinary differential equations
and their long-term behavior. Particular emphasis is placed on vector fields, linear and nonlinear systems, stability of
equilibria, phase portraits, periodic solutions, the Poincaré map, limit sets, invariant manifolds, normal forms, and local
Aims and intended bifurcations.

llemating @uiEommss The course develops skills for the qualitative analysis of continuous systems, including linearization, Lyapunov methods,
Floquet theory, the Poincaré—Bendixson theorem, center manifold theory, and bifurcations of equilibria. It provides a
theoretical foundation for further study of nonlinear dynamics, mathematical modeling, and chaos theory, without a
detailed treatment of chaotic dynamics.

Course content/topics

* Basic concepts of ordinary differential equations and continuous dynamical systems: autonomous systems, existence and
uniqueness of solutions, dependence on initial conditions and parameters, flows, orbits, phase space, and invariant sets.

* Vector fields, linear systems, and phase portraits: linear autonomous systems, matrix exponential, equilibria, classification of equilibria,
phase portraits, stability, and asymptotic behavior of solutions.

* Linearization and local stability: Jacobian matrix, hyperbolic and nonhyperbolic equilibria, local stability, topological equivalence, and
the Hartman—Grobman theorem.

* Lyapunov methods: Lyapunov functions, local and global stability, asymptotic stability, LaSalle’s invariance principle, and basins of
attraction.

* Periodic solutions and Floquet theory: periodic orbits, Floquet multipliers, Floquet theorem, matrix logarithm, and stability of periodic
solutions.

* Poincaré map: Poincaré sections, construction of the Poincaré map, stability of periodic orbits, and local analysis.

* Limit sets and planar dynamics: alpha- and omega-limit sets, positive and negative invariance, limit cycles, phase plane, and the
Poincaré—Bendixson theorem.

* Normal forms and resonances: reduction of systems near an equilibrium, resonant and nonresonant cases, Poincaré theorem, and local
qualitative analysis.

* Center, stable, and unstable manifolds: invariant manifold theorems, reduction of dynamics to the center manifold, and approximate
computation of the center manifold.

* Local bifurcations of equilibria: bifurcations with a zero eigenvalue, saddle-node, transcritical, pitchfork, and Hopf bifurcations, basic
normal forms, and changes in stability.

* Codimension-two bifurcations: degenerate local bifurcations, cusp, Bogdanov—Takens, and Bautin bifurcations, two-parameter analysis,
and bifurcation curves.

* Attractors and more complex dynamics at an introductory level: the concept of an attractor, stable and unstable sets, basins of
attraction, and an introductory connection with complex dynamics, without a detailed treatment of chaos.
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