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Course aims

The course aims to deepen the mathematical methods that provide the theoretical basis for analyzing contemporary
models in applied mathematics, particularly in dynamical systems, nonlinear analysis, and mathematical modeling.
The course covers selected tools from spectral and functional analysis, fixed-point theory, nonlinear analysis,
geometric methods, approximation methods, numerical methods, and basic stochastic methods. It places particular

and . I o S .

learnin emphasis on convergence, stability, positivity, invariance, approximation of solutions, and the structure of phase
8 spaces.

outcomes

The course provides theoretical preparation for a deeper study of discrete and continuous dynamical systems,
differential and difference equations, operator methods, and mathematical models in the natural, engineering, and
biomedical sciences.

Course content

The course will cover selected topics from the following areas, with the choice and depth of treatment depending on the study program's

objectives and the candidate's research orientation.

e  Spectral analysis and matrix methods: spectral radius, matrix norms, diagonalization, Jordan form, positive and nonnegative
mattices, Perron-Frobenius theory, M-matrices, Metzler matrices, and stability of linear systems.

e  Normed, Banach, and Hilbert spaces: completeness, compactness, compact operators, orthogonality, projections, self-adjoint
and positive operators, spectral results, and basic operator methods.

¢  Fixed-point theory and nonlinear analysis: contractive, compact, and monotone mappings, Banach and Schauder fixed-point
theorems, Fréchet and Gateaux differentiability, implicit and inverse function theorems, nonlinear operator equations, and Newton
methods.

e  Manifolds and geometric methods: smooth manifolds, local charts, tangent spaces, differentials of mappings, vector fields, local
flows, and geometric interpretation of phase spaces and constraints in models.

e  Otrdered spaces and positive operators: cones, partial order, monotone mappings, positive linear and nonlinear operators,
comparison methods, invatiant regions, and preservation of positivity.

e  Fourier, approximation, and variational methods: Fourier series and transforms, orthogonal expansions, projection methods,
the Galerkin method, function approximation, weak convergence, and basic variational principles.

e  Operator and evolution methods: densely defined and closed operators, fundamentals of operator semigroups, diffusion
operators, weak formulations of problems, and basic concepts of existence, regularity, and stability of solutions.

e  Stochastic methods in applied mathematics: random variables, basic distributions, Markov chains, transition matrices,
stationary distributions, Poisson processes, branching processes, and fundamentals of stochastic models.

e Numerical and computational methods: conditioning of problems, stability of numerical procedures, iterative methods for
linear and nonlinear systems, discretization of differential problems, approximation of solutions, and assessment of the reliability
of numerical results.
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